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1 Introduction

This document describes the primal-dual interior-point algorithm used in the conelp solver of
CVXOPT version 1.1.1 and some details of its implementation.
The algorithm is for a pair of primal and dual cone linear programs (cone LPs)

P:  minimize 'z D: maximize —hTz—bTy (1)
subject to Gx+s=nh subject to GTz+ ATy +c=0
Ax =b z = 0.
s>~0

The inequalities s = 0, z = 0 are generalized inequalities with respect to a self-dual convex cone
C. We restrict C to be a Cartesian product C' = C7 x Cy x - -+ X Ci, where each cone C} can be
a nonnegative orthant, second-order cone, or positive semidefinite cone.

Notation We will often represent symmetric matrices as vectors that contain the lower triangular
entries of the matrix. This operation is denoted vec: if U € S” (the symmetric matrices of order
p), then

vec(U) = (Un1,vV2Us1, ..., V2Up1, Uss, V2Usa, -,V 2Up, ., Ut 1, V2Up 1, Upy )

The scaling of the off-diagonal entries ensures that inner products are preserved, i.e., tr(UV) =
vec(U)T vec(V) for all U, V. The inverse operation is denoted mat: if u is a vector of length

p(p+1)/2, then
uy us/V2 e u/V2
ua/V2  uppr e ugp1/V2

mat(u) =

Up/V2 U1 /V2 iy

The scaling ensures that «”v = tr(mat(u) mat(v)).
The image of S¥ (the positive semidefinite matrices of order p) under the vec operation is
denoted Sp:
Sy, = {vec(U) | U € S} = {u € RPP*D/2 | mat(u) > 0}.

The second-order cone in RP is denoted

Qp = {(uo,u1) € R? | |lurll2 < uo}-



The notation R is used for the cone of nonnegative p-vectors.
Throughout these notes we define degree m of the cone C in (1) as

p Cy=Rj
m=my+-+mg,  mp={ 1 C=0 @)
p Cr=Sp.

2 Self-dual embedding

The algorithm is based on a self-dual reformulation of the cone LPs [YTM94, dKRT97]. In this
section we first describe a homogeneous embedding, and explain how it can be used to detect primal
and dual infeasibility. We then give a slightly larger extended embedding that has the advantage
of being strictly feasible.

2.1 Homogeneous self-dual embedding

The primal and dual cone LPs can be embedded in a self-dual cone LP
minimize 0

0o AT @GT

0 c x

. o | -4 0 0 b Yy
subject to 1= _¢ o 0 z (3)

K ' =T T 0 T

(s,k,2,7) = 0.

This problem is always feasible, since (s, K, z,y,z,7) = 0 is a feasible point. Moreover any feasible
point is optimal. We also note that the equality constraint implies that

T r 0 T r 0 AT GT ¢ T
T |y 0O |y —A 0 0 b y |
§ 2 RT = z s | |z -G 0 0 h z =0
T K T —cI' —pT —pT 0 T

at all feasible points. In particular, this shows that there are no strictly feasible points.
Now suppose (s, K, z,y, z,7) is a solution of (3) with x +7 > 0.

e If 7 >0, k =0, we can divide z, y, z by 7 to obtain a solution of the Karush-Kuhn-Tucker
(KKT) conditions for (1),

0 0 AT GT T c
0|l=|-4 0 0 y|+|b =0 (s,2)=0, zls=0. (4)
S -G 0 0 2 h

e If 7 =0, k>0, then KTz + b7y + 'z < 0, so we must have h7z + b7y < 0 or 2 < 0 or
both. If KTz + b7y < 0, this provides a proof of primal infeasibility, since

G+ ATy =0, 2> 0, Tz + b1y < 0. (5)
If ¢z < 0, this provides a proof of dual infeasibility, since

Gr+s=0, Az =0, s =0, 'z <o. (6)

If 7 = k = 0, no conclusion can be made about (1).



2.2 Extended self-dual embedding

As an extension, we can define another self-dual cone LP

minimize (m+ 1)0

0 0 AT Gt c x 0
0 -A 0 0 b gy Yy 0
subject to s|=| -G 0 0 h ¢ z |+ 0 (7)
K ' =" T 0 g, T 0
0 —qf —q¢f —¢ —q¢ 0 0 m+1
(s,k,2,7) = 0.
Here m is the degree of the cone, defined in (2), and
G 0 o AT GT ¢ T
ay | _ LH 0| | -4 0 0 b Y0 (8)
qz sgzo +1 S0 -G 0 0 h 20
qr 1 ' =T T 0 1

where z¢, so, Yo, 20 can be chosen arbitrarily with (sg, z9) = 0. This LCP is always strictly feasible

and

sgzo +1
m+1 )

is a strictly feasible point. By taking the inner product of both sides of the equality constraint

in (7) with (z,y, z,7,0) we see that the constraint implies that

(87 R, 2, Y,2,T, 9) = (807 17'%'07 Yo, 20, 17

T
$z+ KT
0="""——, 9
m+1 )

so 8 > 0 for all feasible points.

It is easily verified that (7) is self-dual, i.e., its dual problem is formally the same (if we change
the objective to a maximization). Therefore, at optimum the solution must satisfy a complemen-
tarity condition with itself, and we can write the optimality conditions for (7) as

0 0 AT Gt c T 0
0 -A 0 0 b gy y 0
s|=| -G 0 0 h g z |+ 0 , (10)
K ' =" T 0 g T 0
0 —qF —qf —¢ —q¢ O 0 m+ 1
(s,k,2,7) = 0, 2Ts+ kT =0. (11)

Combined with (9), this implies that at the optimum 6 = 0 and the extended embedding reduces
to the homogeneous embedding. If (s, x,x,y, z,7,0) is an optimal solution with x + 7 > 0, we can
therefore extract from it an optimal solution of (1), or a proof of primal or dual infeasibility.



3 Logarithmic barrier function

We use as barrier function for C the function

K — >0 logu; Cr =RL
ou) = drlur),  dw(u) ={ —(1/2)log(ud —uTw) Cp=Q,
k=l —log det mat(u) Cr =S,

3.1 Gradient
We write the gradients of ¢ and ¢y at u as g(u) = Vé(u) and gi(ur) = Vo (ur):
—diag(ug) 11 Cr, =RE
gk(uk) = —(u%Juk)’lJuk Ck = Qp

—vec(mat(ug)™') Cr =3,

1 0
J = .

It can be verified that g(u) < 0 and u? g(u) = —m for all u > 0.

where 1 is a p-vector of ones and

3.2 Hessian
The Hessians of ¢ and ¢, at u are denoted H(u) = V2¢(u) and Hy(ui) = V2¢i(uy). The Hessian
for C, = RY is Hy(uy) = diag(uy)~2. The Hessian for Cy = Q, is

1 -
Hi(u) = 5 (2Juku£<] - (ugJuk)J) , Hy(ug) ™ = 2uguf — (uf Jug)J.

(uf, Ju)

For future reference, we give the symmetric square roots:

Hi(uy)"? L ik
k(U = -
ul Jup | —upm (Uko + (U{Juk)1/2> wertfy + (uf Jup)'V2 1
T
Uko Uy
H -1/2 _ -1 .
(k) [ Ukl (uk:o + (U;;FJUk)l/Q) upruly + (uf Jug)'21 ]

For C}, = &, the Hessian is defined by
Hi(u)v = vec (mat(uk)*l mat(v) mat(uk)*l) .

The following property will be useful:



for all v = 0, w > 0. Thus, H(H (v) 'w)'/? is the symmetric square root of H(v)H (w)H (v). The
identity is straightforward in the case of the nonnegative orthant and the positive semidefinite cone,
so we prove it only for the second-order cone Cj, = Q,,. First, with u; = Hk(vk)_lwk,
up = 2(viwg)vr — (vf Jug) Jwy,
uf Jup = 4l wg)?vf Jog + (of Jop) 2wl Jwy, — 4(vf Jog) (v wy,)?
= (v} Jup) 2wl Jwy.

Hence

Hiy(up)™ = 2upul — (ul Jug)J
= 8(viwg) vpvf — 4(wFwi) (Wl Jog) (vpwd J 4 Jwgol) + 2(vf Jug) Jwpwi J
— (vf Jup) 2 (wl Jwy) J
= (upvl — (vl Jup) ) Qupwt — (wi Jwy)J)(2ugvf — (vf Jug)J)
= Hy(vp) " Hy(wy) " Hy(vg) L

4 The central path

4.1 Definition
The central path of (7) is defined as the solution of

0 0 AT GT c x 0
0 -A 0 0 b gy Y 0
s|=| -G 0 0 h g z |+ 0 , (13)
K ' =T T 0 ¢ T 0
0 —¢f —q¢f -4 —q¢ 0 0 m+1
(s,k,2,7) =0, z = —pug(s), T=p/K (14)

where p is a nonnegative parameter. It follows from the equalities in (14) and the property s g(s) =
—m that u = (sTz + x7)/(m + 1). By taking the inner product with (x,y, z, 7,6) on both sides of
the equality (13) we also see that 8 = p at points on the central path. We can therefore parametrize
the central path more simply as

0 0 AT G ¢ x qx
o | -4 0 0 b Y Qy
s| | -G 0 0 h z tH - (15)
K —c' =T —pT 0 T qr
(s,6,2,7) =0,  z=—pg(s), 7=p/x (16)

The last equality in (13) was dropped because it is redundant: by taking the inner product of both
sides of (15) with (0,0, z,7), we get

s+ rr=p(¢lz+ quy +¢L 2+ qr1),

and hence the last equation in (13).
We will use (15)—(16) to parametrize the central path. Alternatively, we can interpret (15)—(16)
as a nonstandard definition of the central path for the homogeneous embedding (3).



4.2 Symmetrization

We have z; = —pugk(s) if and only if s o 2z = ey, where
(urvi, ..., upvp) Cr =RE
wov =1 (ulv, ugvy + vour) Cr =9,

(1/2) vec(mat(u) mat(v) + mat(v) mat(u)) Cp =35,

and
(1,1,...,1) Cp=RE
e, = (1,0,...,0) Cp=9Q,
vec(Ip) Cr=S,.

Note that e’ (uov) = u'v.
The condition z = —pug(s) in the definition of the central path can therefore be replaced by the

symmetric relation s o z = pe where soz = (sy021,...,85 02K), € = (e1,...,ex). This gives
0 0 AT Gt ¢ x Gz
o | -4 0 0 b Y Qy
s =1 =¢ o o nllz|TH|. (17)
K ' =T —pT 0 T qr
(s,k,2,7) = 0, zos=e, KT = (18)

as a symmetric equivalent of the central path equations (15)—(16).

4.3 Inverse, square, and square root

We give some useful properties of certain powers associated with the o-product.
The inverse, square, and square root of u are defined by the relations v ' ou = e, u? = uou,
w2 o ul/?2 = 4. For C), = Rﬁ these operations are the componentwise vector operations. For

Cir = S, they are given by the matrix inverse, square, and symmetric square root. For C}, = Q,,

we have
_ 1 ul uy, 1/2 1 uro + \/ul Ju
ukl - uTJUkJUk’ u%z [ Qu:oukl ] uk/ :\/ / N U N
k 2(uk0 + uzjuk) k1
Note that
() Jugt = Jun) ™ ()T T = (] Jug) V2.

The following general properties of the logarithmic barrier are also useful.
Hw) ™ ' =Hu"), Hw"?=H®u"), (19)

Huwu=u"', Hu'*u=e,  (Huv)™'=Hu) v (20)



5 Nesterov-Todd scaling
A primal-dual scaling W is a linear transformation
s=wTs, z2=Wz
that leaves the cone invariant and preserves the central path, i.e.,
§>=0 <= s5>0, z>=0 < z2>0, SO0z =pe <> so0z=pe.

If W is a scaling we can write the central path equations (17)—(18) equivalently as

0 0 AT Gt ¢ x Gz
o | -4 0 0 b Y Qy
s| | -G 0 0 h L | TH q- (21)
K —c' =T —pT 0 T qr
(s,k,2,7) = 0, (Wz)o(W=Ts)=pe, KT = U (22)

Interior-point algorithms are based on linearizing these equations, using a primal-dual scaling that
changes at each iteration depending on the values of the current iterates (8, &), (2,7).

5.1 Definition

The Nesterov-Todd scaling at §, Z is derived from the unique scaling point w € C =C; x -+ x Cg
that satisfies
H(w)s =z

[NT97, NT98]. A general expression for the scaling point is

~1/2

w=H(5?) (H(§_1/2):2> = H(2'/?) (H(2_1/2)§) v (23)

To see this, define v = H(371/2)2. From (12) and (19)-(20),

Hw)s = H(EY?)HW Y?)H(Y%)s
= HGEY*)H@u Y?)e
= H(5?)u

= Z.

A Nesterov-Todd scaling is obtained by factoring H(w) as H(w)~! = WTW, where W is a scaling
matrix. Hence W2 = W~T3 and we will denote this vector as \:

A=W Ts=w3s.

Note that there may exist more than one suitable factorization H(w)™' = WTW. For example, for
the second-order and semidefinite cones, one can choose the symmetric scaling W = H (w)_l/ e
H(w~'/?), or a nonsymmetric scaling.

5.2 Nonnegative orthant

Scaling Any positive diagonal matrix W}, can be used as a scaling for Cj, = RY.

7



Nesterov-Todd scaling point The Nesterov-Todd scaling point at g, 2 is

J1/2  —1/2
wk:sk/ 0% 2,

Nesterov-Todd scaling The Nesterov-Todd scaling is

Wy, = diag(wy) = diag(s)/” 0 2, /).

The scaled variable A\, = W~ Lo = W2y is
e = 5720 51/

and satisfies )\f)\k = §£2k
We use the same scaling for the last (scalar) block in the embedding;:

Bo=(7/k)2k, 7= (k)7)r.

5.3 Second-order cone

Scaling Any matrix W}, that satisfies
W W] = %] (24)

where (§ # 0, can be used as scaling matrix for Cy = Q,. (The matrix (1/5)W}, is sometimes called
a hypernormal matriz [RS88].) Note that W, is necessarily nonsingular, and

WL Iw,, = JW, Y (Wi JW) W), = §2J. (25)
Examples of symmetric scaling matrices are Hessians Hy(u) or inverse Hessians Hy(u)~! of the
second-order cone barrier (in this case 3 = 1/(u? Ju), resp., 3 = u’ Ju). The matrix

1, 2

_ T
uTJqu (u) = uTJuuu -J

is also called a hyperbolic Householder matriz [RS88]. A product of scaling matrices (for example,
Wi J), is also a (generally nonsymmetric) scaling matrix.

We now verify that if W}, satisfies (24), then the second-order cone and the central path are
preserved under multiplication with Wj. Let e, be the first unit vector and v = Wl'e; = (vo, v1)
the first row of Wj. This is a nonnegative vector since, from (24),

vl Jv = (Wle) T JWley) = el Wiy JWle, =52 >0.
Suppose = = (g, 1) € Qp and & = Wjz. Then
~ T, T
To = v’ & = voxo + v 1 > voxo — ||v1]|2/|z1]]2 >0
by the Cauchy-Schwarz inequality, and

i Ji =T WE oWz = %27 Jz > 0.



Conversely, using (25) we see that if Z is in the second-order cone, then x = W, 1% is also in the
second-order cone. A similar argument shows that multiplications with W,;‘F and W~ T preserve the
second-order cone. Furthermore, if z; and s; are on the central path, i.e.,

2k = —Hgr(sk) = -7

then z = Wiz, 5, = W, Ts are on the transformed central path, with the same parameter 175

~ H T~ 19 ~ ~
2k = 75— WidWy, Sk = w7 J 8k = —ugk(5k)-
F sj. Jsp Rk TR ;. J5p g 9x(5k)

Nesterov-Todd scaling point The Nesterov-Todd scaling point wy is uniquely defined by
H(’wk)fl?:’k = §.

Let Z;, and S be the normalized vectors

_ 1 R B 1 R
I GT IR T T )it
and define 12
1+zl'3 1
¥ = <+2Zk8k> , Wy = % (§k + Jfk) . (26)
We have
wE Jwy, = 1, Wiz =ws J5p = 7.

From this it is easy to see that
(2@,@{ — J) Zk = Sk, (2J@k@{J — J) Sk = Zg.

In other words the hyperbolic Householder transformation defined by w; maps zj to .
In terms of the unnormalized variables, this means that if we define

AT 74\ 1/2
T 5. J5p T 12z
Jwg = | = , = J ,
Wy J Wk (%{Jﬁk) Wk (wk wk) W
then

H(wk)_lék = <2wkwg — (w,{ka)J) 2L = (wkTka) (2@;@;{ — J) Zr = Sg.
Symmetric Nesterov-Todd scaling Let Wy be as in (26), and define

Vi = W1/2 = L
b @@+ 1)

(W, + ey,).

We have v,{Jvk = 1, so the matrices

Wi = 200k — J, W,;l = 2Jupvf J — J



are hyperbolic Householder matrices. More explicitly, written in terms of wy,

— —T — —T
— | Wko Wiy 1 _ | Wko W
We=1| _ _ I , W, = i _ il TR
F [ W1 I+ (Wko + 1) 0w}, ] k [ ~Wg1 I+ (Wio + 1) W0k,

W} is the Householder transformation that maps Jwy, to ey, and therefore

Wk@JEszJ — J)Wk = (2eke;‘g —J)=1.

— 1/2
In other words, Wy = (ZEkEZ —J ) / . In terms of the unnormalized variables, H (wy,) ™! = W W
where

73\ M
Wi, = (wi Jwg)*W), = <]:Cr Ak> Wi.
Zj, J 2

To find expressions for the scaled variables, we define
Xk = szk = W;lgk = JWkJEk.
We have XZJXk =1 and B _ L
Ao =7 A — I\ =Wi(Zp — J5).

The last expression provides a way to evaluate \;, directly from §; and 2j:
M1 = ! (Wk(?k - Jgk:))
2 1

I A Zk0 — Sko >
= 3 <Zk1+3k1+ Tro + 1 W1

+ Zko)Sk1 + + Sko)Z .
310 + Zko 27 Y k0)°kl1 Y k0)~k1

The unnormalized scaled variable is

R L N P
A= Wiz, =W, 15k = ((S{Jsk)(z,?Jzk)) Ak

5.4 Semidefinite cone

Scaling Any nonsingular congruence transformation can be used as a scaling for Cj, € Sp:

Wiv = vec(RT mat(v)R), W, Tu = vec(R™* mat(u)R™ 7).

Nesterov-Todd scaling point The scaling point at $g, 2; is the symmetric matrix for which

mat(wy)Z), mat(wy,) = Sy

where Sj, = mat(§;,) and Z; = mat(2;). From (23),

~ ~ A A —-1/2 .
wy = vec (S;/Q ($22::8,"%) / S,i”) .

10



Nonsymmetric Nesterov-Todd scaling The scaling point w; can be computed in factored
form wy, = vec(RxRL), where Ry, diagonalizes mat(2;) and mat(3y):

Ri mat(%;)Ry, = R, ' mat(3;)R;” = mat()\z),

with mat()\;) diagonal. Note that W, 78, = Wi, = M\ and A\, = 57 3.
The scaling matrix Rj can be computed as follows. We first compute Cholesky factorizations

Sy =mat(3,) = L1 LT, 7, =mat(3) = Lo,

Next, we compute the SVD
LI, =unvT

and take A\, = vec(diag(Ay)). Finally, we form
Ry = VALY = L;TUN>.
It can be verified that RES,;le = A;l and RZZkRk = A and that the inverse of Ry, is given by
R = APVTL = A PUTEE,
5.5 Compositions of scaling matrices

If V is a scaling matrix, then

VIHw)™'V = H(VTw)™.
This is easy to see for the nonnegative orthant and the semidefinite cone. To verify the property
for G, = Q,, assume VI JV; = Vi JV,I' = 32J. Then
Vi Hy(wp) ™ 'Vie = Vi Qugwf Vi — (wf Jwy) J) Vi
= VI2wwlV — (wlJw) 52T
= 2V wwl Vi — (Wi Vi JViEwg)J
= H(w) (27)

6 Path-following algorithm

The algorithm computes search directions by linearizing the central path equations (21)—(22) around

AAAAAA

(G2+4y,4z,q-) as in (8). We also compute the Nesterov-Todd scaling W at §, 2, and the scaled
variable X\ := W15 = W3.

1. Evaluate residuals, gap, and stopping criteria. Compute

Ty 0 0 AT GT ¢ T
ry | |0 | -4 0 0 b 7
r, | | 3 -G 0 0 h Z (28)
T, R ' —pT —pT 0 T

11



and
8Tz ar MA+RT
H= m+1  m+1

tions (4), or (2,9) is an (approximate) certificate of primal infeasibility (5), or (8,Z) is an
(approximate) certificate of dual infeasibility (6).

2. Affine direction. Solve the linear equations

0 0 AT GT ¢ Az, Ty
0 -A 0 0 b Aya | Ty
As, | | =G 0 0 ~h Az, | T, (29)
Ak, ' =T T 0 AT, -
Mo (WAz + W TAs,)) = —Ao),  #AT,+ FAk, = —if, (30)
3. Step size and centering parameter. Compute
a = sup{a€l0,1]] (5, 2,7) + a(Asa, Aka, Aza, ATy) = 0}
= sup {a c[0,1] | (N &\, 7) 4+ (W T Asy, Akg, WAz, AT,) = O}
(54 als)T (2 + alza)T + (i + aliy)(F + aAT) )
7= 5+ it
= (1-a) (31)
4. Combined direction. Solve the linear equation
0 0 AT GT ¢ Az Ty
0 -A 0 0 b Ay _ Ty
As | | =G 0 0 h Az = —(l-9) T, (32)
Ak —c' T T 0 AT T,
Ao (WAz+ W TAs) = —XoX— (W TAs,) 0 (WAz,) + ojie, (33)
RAT + TAK = —RT — AR ATy + of. (34)
5. Update iterates and scaling matrices.
(8,k,2,9,2,7) == (8,Rk, 2,9, 2,7) + a(As, Ar, Az, Ay, Az, AT)

where

a = sup {a € [0,1] ’ (A, Ry N, T) + %(WﬁTAS, Ak, WAz, AT) = 0} .

Compute the scaling matrix W for §, 2, and the scaled variable X\ := W15 = W3.

12



6.2 Discussion

We discuss steps 2—4 in more detail. We first derive some useful properties of the affine scaling
direction computed in step 2. The first equation in (30) is equivalent to

§0Azy+20As, =—§02%

in unscaled coordinates. Taking the inner product with e on both sides gives

§TAz, + 3T As, = =572, RAT,+ TAK, = —R7. (35)
Furthermore,
[ Az, | r Ty
T Aya Ty
Az, Asy + ATy Ak, = —
Az, T,
| A7 | | 77
Az, 17 (T 0 0 AT GT [
_ | Ava o | -4 0 0 b 7
- Az, 3 -G 0 0 h 2
A K i ' =T T 0 T
1°7T 0 AT GT ][ Az,
_  _.T 2 _ (0 —A 0 0 b Aya
= S AmRAT -G 0 0 h|| Az
7 ' =T —hT 0 AT,
1T
T Ty
B T . T - Y Ty
= —§ Azy— RAT, — 2" Asy — TAKy + | 7
2 T,
T Tr
= —§TAz, — ATy — 3T Asy — T ARk + 872 + &7
= 0. (36)

Lines 1 and 4 follow from (29) and the skew-symmetry of the coefficient matrix. Line 6 follows
from (35). Line 5 follows from the skew-symmetry of the coefficient matrix in the definition of the

residuals (28):
T

>
<
8

T: 4kt = (m+ 1) (37)

ISTRNSY
=3
<

=X
<
3

The simple expression for o in (31) follows by plugging in (35) and (36) in the definition.
The combined direction computed in step 4 has similar properties. From (33) and (34) we see
that

§TAz + AT+ 2T As +7Ak = —8T5 — k7 — AsL Az, — AkaATy + ofi(m + 1)
= —(1-0)(8T24 i) (38)

13



and

Ax T
AZTAs+ ATAk = —(1-0) Ay "y
Az T,
_AT_ |7y
Azl /o0 0 AT GT c¢1[2]
- Ay 0 A 0 0 by
= ~(=a)) A, s 7= o o nll:
_AT_ R —cI' —pT —pT o 7|
1"7T 0 AT GT ¢][ Ax
4 T R 7 —A 0 0 b Ay
= —(1—-o0) |8 Az+RAT+ j ¢ 0 0 & As
T ' —pT —pT 0 _AT
AT
Z Ty
= —(1—0) | "Dz 4+ kAT +2TAs + 70K+ (1—0) | ¢ {:}’
T rr

= —(1-0) (§TAz + RAT + T As + 7Ak + (1 - 0)(572 + 7))
= 0. (39)

Next we show by induction that

(7':13, Ty, Tz, TT) = ﬂ(qgm Qy> 4z, QT)

at the beginning of each iteration. In the first iteration, this is true by definition of (¢.,qy, ¢z, ¢r)-
Suppose it is satisfied by the current iterates. Then

(Tj,r;,rj,rj) = (I1—-al—-o0))(rg,ry,rs7r)
= (1-a(l-0))ilgs 9y, 92, 9r)
= ﬂ+<QmaQy7QZ7QT)7

because, from (38) and (39), 4™ = (1 — (1 — 0))jt. Using this property, we can write (32) as

0 0 AT GT ¢ Az Qz T
0 -A 0 0 b Ay | | @ Ty
As | | =G 0 0 h Az | TH e | | r
Ak ' =" —hT 0 AT qr rr

This shows that (32) can be interpreted as the central path equation (21) with (s, k,z,y,2,7)
replaced by (§ + As,k + Ak, Z + Az, § + Ay, 2 + Az, 7 + A7), and p = oji. Making the same
substitution in the nonlinear central path equations (22) gives

(W T4+ A2) 0 (W(E+As)) =cie, (k4 Ar)(F+ AT) = ofi.

14



Expanding the products, using W~72 = W5 = A, and approximating the second-order terms as
(WTAs)o (WAz) ~ (W TAs,) 0o (WAZ,), ATAK ~ Ak AT,

gives (33) and (34). (The righthand side terms in (33) and (34) that involve the affine direction
components are known as the Mehrotra correction terms [Meh92, Wri97].)

In summary, we see that in step 4 a search direction is computed by linearizing the central path
equations (21)— (22) around the current iterates with p = o/i. Step 2 is the linearization for p = 0.
Step 3 is a heuristic for choosing o, based on the result for p = 0.

7 Initialization

If primal and dual starting points &, 8, §, Z are not specified by the user, they are selected as
follows. The initial primal variable & is the solution of the constrained least-squares problem

minimize  ||Gz — hl|3
subject to Ax =b.

The initial value of § is computed from the residual s = G — h, as

5= 5 ap <0
| §+(1+ape) otherwise

where o, = inf{a |5+ e = 0}. The values 2, § can be computed by solving the linear equation

0 AT @GT Z 0
A 0 0 y | =10
G 0 -—I -3 h

The initial dual variables g, Z are computed by solving a least-norm problem

minimize  ||z(|3
subject to GTz+ ATy +c=0.

If the solution is ¢, Z, then we use ¥ as initial value of y, and

5 z ag <0
| 2+ (14 aqe) otherwise,

where ag = inf{a | 24 ae = 0}, as the initial value of z. The least-norm problem is equivalent to
the the linear equation

0 AT @GT T —c
A 0 0 g | = 0
G 0 I z 0

15



8 Step length computation
Steps 3 and 5 require the computation of the maximum « such that
A+ aAs =0, A+ alAzZ =0,
where A§ = W~TAs and AZ = WAz. To facilitate the calculation we compute, for each cone,
pe = HO)2A5,, o, = HOw)Y2 A%,
The maximum step size then follows as & = miny a, where
ar =sup{a | e+ apg = 0,e; + aocy = 0}.

8.1 Nonnegative orthant

For the nonnegative orthant Cj, = R%,
-1
Pk = )\,;1 o A3y, oy = )\,;1 o Az, Q= max {0, — min pg;, —min aki} .
7 7

8.2 Second-order cone
For the second-order cone C}, = Q,,
, 1 [ N JAG 1
k = —_— ., — —
AFTNV2 | Ag — (N JAGE + Adro) Ceo + 1) A
o 1 N IAZ,
e = —— _ _ _
AETAY2 | Az — (0 JAZ, + AZ) o + 1) A
where Ay = A,/ (AL JAx)Y/2. The maximum step size is
ar = max {0, |prillz — pro, llowillz — oo} "
8.3 Semidefinite cone
For the semidefinite cone C} = Sﬂ,

pr = vec(A PASALY?), o = vec(APAZAM),

where A = mat(\g), ASy, = mat(Asy), AZ, = mat(AZ;). We determine «y by taking two
eigenvalue decompositions

mat(p,) = Qs diag(1,)QL,  mat(o}) = Q. diag(y.)Q!.

The maximum step size is

-1
Q) = max {0, — min 7y, — min%i} :
(3 1
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9 Updating the scaling matrix

At the end of each iteration, we update the scaling point, scaling matrix, and scaled variables. The
current scaling point w and scaling W satisfy

H(w)s = 2, Wi=WT5=\
We need to compute a scaling point w™ and scaling W such that
Hw")(5+als) =24+alz,  WT(E+alz) = (W) T(5+als) =T
This can be done as follows. We first compute the scaling point ¢ for the scaled coordinates:
H(q)5T = 3T, §7 = X+ aAs, =X+ alAz.
The new scaling point is w* = W7¢q. This follows from (27):

HWT) '+ alz) = WITH(q)7'W(E + alz)
= WTH(q) Y\ + aA2)

= W+ aAs)
= 5+ als.
9.1 Nonnegative orthant
If Cy, = RY, the update is straightforward:
wif = (W + @A) Y20 (A + aAZ) Y2 oy,
A = Ow+adz) %o (0 + aAd) 2

9.2 Second-order cone

Updated NT scaling point If C}, = Q,,, we compute the scaling point g;, for the scaled variables,
which satisfies
Hy(qe)~'55 =7, (40)

as in section 5.3: ¢ = (qkTqu)1/2§k where

ST 7+ 1/2 =+ 7=+ /2
T - (Sk) JSk o 1 — —t + 1—|—(Zk) Sk
Qk‘]q,f_<(z]_€|_)TJg2_> > Qk_27+(k+*]zk)v Y= 9

and Z; and ?2 are the normalized scaled variables (in the current scaling)

%= ! I 5= ! 5
k — N N\N1/2 k> k — N N\1/2 k-
((Z;)TJZI—:) ((s;)Tsz
Note that
e =1, gz =q.J5 ="

The new scaling point then follows as

1/2
wi = Wilqr = ((wkTka)(quQk)) (2%11% — J) Q-
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Updated scaling matrix It follows that the parameters of the new scaling matrix
1/2 _
Wi = ((wi)"Jwy) Pwh W = 2ut )T -,
can be determined as follows.

1. The new scaling factor is

@)Tﬁz)” 2
G

(W) Jwl = (wf Jwe) (g Jaw), — ax Jar = (
2. The unitary vector v,j, which defines the updated Householder transformation, is

1
(2w + 1))

ol = (@) = (W} +ex)

with
T=+

=+ 1/2
—t T _ _ L=+ | =+ " 1+ ()" 8
wy = 2upvy, — J)a, qk:ﬁ( N —i—Jzk), AT = — .

Updated scaled variable The updated scaled variable

N= (0mI00) X

can be computed from the updated scaled variables §z, Elj as follows. The norm is easy to compute:
T = (oTast) (Enraa)
= (@hrwawist) " (Eorwaw)
- ((gg)TJgg)l/g ((z,j)TJz,j)l/z .
The normalized vector Xz is defined as
N =Wizh = (W) 's) = JW, Jsit

Its first component is
Nt —\T—= —TY57. = _T=+
Mo = @) 2 =G Wiz =2 =77

The rest follows from

(L= DN =W (20 = Jsf) =WiW, ' (B0 = J57) = Waw, (72 - 51).

18



Define ug = ?: — J?Z_. Using the fact that quuk =0, we get

_ 1 o
2)\2_1 = — ((1(wk+ + ek)(wj + ek)T — J) JWkuk>
Wiy + )
1 S .
= kaﬁ(wqu +ex)” JWiug + (W pug)
1 _ _
= ———w} (q Jur + ef Wiug) + (Wrug)
wko +1
T
= - + (W)
Wiy
Wy + 1
= ETuk
< —ki_O +1 1
_ (Wk ( 2uko (Vi uk) — UkO Lt uk))
wp, + 1 L
—+ — vro(viug) — uk0/2 1
Ap = (Wk <— %ijo 1 T + Sk
1
. 1—4d +: 1+d + _
1

where

J— vpo (VR uk) — uko/2  vko(vf ug) — uko/2
Wiy + 1 "~ 2up0(v Tq )= Qo+ 1

9.3 Semidefinite cone
If C, = Sp, we use the eigenvalue decompositions
ATPAS ALY = Q,diag(v)QT,  AYPAZAY? = Q. diag(1.)QT,

where A, = mat(\), AS; = mat(ASy), AZ), = mat(AZy), to factor the new iterates in the old
scaling coordinates as

R'SIR, T = A, +aAS, = LiLT,  RIZ'Rj, = Ay +aAZy, = L3,
with L = AIIC/ZQS(I + acdiag(v,))V/?, Ly = Ai/zQZ(I + adiag(v.))!/2. We then take an SVD
LIL, =UAfVT.
The scaling matrix that satisfies
(BOTISERD™ =B Z R = A

is given by
R = R,LiV(AS)™Y2 = Ry Ly TU (M) Y2,

Its inverse is

(RO = (AOYAVTLIIR ! = (M) V2UTLI R
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10 Newton equations

The most expensive computation in each iteration of the algorithm is the solution of the linear
equations in steps 2 and 4. These equations differ only in the righthand side and are of the form

0 0 AT Gt ¢ Ax d,
0| | -4 o o vl||lay|_ |4, )
As -G 0 0 h Az | d,
Ak —cI' =T —pT 0 AT d,
Ao (WA,Z + W_TA5> = —d,, RAT + TAK = —d,. (42)

We will refer to the equations as Newton equations because they can be interpreted as linearizations
of the central path conditions. In this and the next section we describe how CVXOPT solves the
Newton equations. We first explain how to reduce them to a smaller 3 x 3 block equation (KKT
system).

10.1 4 x 4 Block system
Eliminating As and Ak from (42) gives

0 AT GT c Azx dy
-A 0 0 b Ay | dy (43)
-G 0 W'w Az | | d.—WT(\ody)
e . A s AT dr —de/7
As=-WT (Nods + WA2), Ak = —(d + ~AT)/7. (44)

Here u ¢ v denotes the inverse of w o v taken as a linear function of v, i.e., uo (uov) = v for all v.
For Cy, = RE, A\, o v = diag(\;) 'v. For Cy = Q,,

-1
A MG vo
Mow = [m Mol || w
1 Ako -5

— Yo
A~ Mk [ Ak A ((Aio - A%lAkl)I+Ak1Agl> ] [ U1 ]

If Cy = Sp, with A = mat(\;), A\p o v is the solution of
1
§(A mat(x) + mat(z)A) = mat(v),

1.6, ALOV = Vec(mat(v) o F) where Fz’j = 2/(A“ + Ajj)-
Note that for the affine scaling Newton equation (step 2), the righthand side of (43) simplifies
to
dZ_WT<)‘<>d8):TZ_WT)‘:Tz_§7 dr_dm/%:rr_/%'
Also, note that u = WT (X o dy) is the solution of z o u = ds. Hence, the search directions depend
only on the product W7W and not on the scaling W itself as the righthand side of (43) may
suggest.
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10.2 3 x 3 Block system
To solve the 4 x 4 block system (43)—(44), we solve two KKT systems

0o AT @GT Axq c
A 0 0 Ayr | == b (45)
-G 0 W'w Az h
0 AT GT Aazg dx
A 0 0 Ay | = d, (46)
-G 0 WTw Az d, —WT(\ody)

and make a linear combination with

dy — d /7 + T Axg + b Ays + hT Az
k)T —cT Az — bTAyy — hT Az
dy — d /7 + T Axg + b Ays + hT Az
k)7 + Azl WIW Az

AT =

to get
Axr = Axo + ATAx, Ay = Ays + ATAyq, Az = Azy + ATAz.

11 KKT equation solvers

Each iteration of the interior-point method requires the solution of three KKT systems

0 AT GT x by
A 0 0 y =10, |. (47)
G 0 —-wr'w z b,

The first is the equation (45). The other two are the equation (46) with the righthand sides in
step 2 and step 4. In addition, if the problem includes second-order cone or semidefinite constraints,
one step of iterative refinement is applied when solving (41) and (42). This increases the number
of KKT systems solves per iteration by two. In this section we describe the two default methods
for solving the KKT system (47).

11.1 Cholesky factorization

The equation (48) can be reduced to

GTw-w-Tg AT 1 lx ] _ (48)

A 0 Y

by + GTW=tw—Tp,
by '

From z, y, the solution z follows as Wz = W~ (Gx — b,).
If GTW ='W ~T@ is nonsingular, we can solve (48) via a Cholesky factorization GTW W ~1G =
LLT. We solve
ALTL ATy = AL T (bx + GTW—IW—TbZ) — by,
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using a Cholesky factorization of AL~TL~1AT to obtain y, and then
LL e =b, + GTWlw—Tp, — ATy
to obtain x.

If GTW='W-TTG is singular, we first write (48) as

GTWW-TG + ATA AT ] l @ 1 [ b+ GTWW T, + AT,

A 0 Y by

We compute the Cholesky factorization GTW = 1W TG + ATA = LL", and solve
AL T2 ATy = AL T} (bx L Twiw Ty, + ATby> — by,
using a Cholesky factorization of AL~TL='A” to obtain g, and then
LYz = b, + GTW Wb, + AT (b, —y)

to obtain z.

|

This method is the default for linear programs. The CHOLMOD sparse Cholesky factorization

algorithms are used for sparse matrices, and the LAPACK algorithm for dense matrices.

No

attempts are made to separate G and A in dense and sparse submatrices and to exploit such

structure.

11.2 QR factorization

In this method we write the KKT system as

0o AT GT T by
A 0 0 y | = by
G 0 -—I Wz w-Tp,

We use two QR factorizations

AT:[QI Q2}[}(§11, GQs2 = Q3Rs.

The solution z, y, Wz is computed in the following steps:
= Wb, - GQ:R; ",
u = R3TQTb, +Qfw
Wz = Qsu—w
y = R(QTb - QTGT(W2))
r = QiRTb, + Q2R3 u.

To verify this, we first use the QR factorization of AT to write (49) as

0 0 R QG Ty QTb,
0 0 0 QG"||Qx|_| Qb
R0 0 0 y by
GQ1 GQy 0 —I Wz wTp,

22
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From the third equation, we have Q¥ z = Ry Tby. If we define u = R3Q¥x, we can write the three
remaining equations in the variables u, y, Wz as

Riy = QTb, —QTGT"(W=2)
Q3G (W2) = Qfbs
Wz = GQi(Q7x) +GQ2(Q3x) — Wb,
= GQ1R{ b, +Qsu—WTh,

= Q3u—w.

From the last equation, we eliminate Wz to get an equation in u:

RIu=Q¥b, + RTQzw.

This method is the default method for problems with second-order cone or semidefinite con-
straints. The LAPACK dense QR factorization routines are used, so no sparsity is exploited.
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